The electric Weak Gravity Conjecture demands that axions with large decay constant f couple to light instantons. The resulting large instantonic corrections pose problems for natural inflation. We explore an alternative argument based on the magnetic Weak Gravity Conjecture for axions, which we try to make more precise. Roughly speaking, it demands that the minimally charged string coupled to the dual 2-form-field exists in the effective theory.
Introduction
The Weak Gravity Conjecture (WGC) [1] provides a condition for identifying low energy effective theories which do not permit a UV-completion and should hence be assigned to the 'swampland' [2, 3] . If true, it is a powerful tool with applications to both particle physics and cosmology. In its original form, the WGC is a statement regarding the electric and magnetic particle content of a U (1) gauge theory coupled to gravity. It can be extended to encompass theories with a gauge group consisting of multiple U (1) factors [4] and with charged p-branes rather than just particles [1, 5, 6] .
A particularly interesting extension of the WGC is that to (−1)-branes. The resulting WGC for axions and instantons potentially constrains large-field inflation in the field space of one or multiple axions [5, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] ] (see also [17] for constraints motivated by string theory).
In addition, models of axion monodromy inflation (and the related Cosmological Relaxation mechanism) can be constrained by the WGC for domain walls [5, 18, 19] . For further recent work on the WGC see also [20] [21] [22] [23] [24] [25] .
In fact, the WGC can be given in its magnetic and electric form, which are a priori two independent statements. The electric WGC constrains the electrically charged spectrum of the theory. It is motivated by requiring the absence of stable black holes [1] (see [26] for progress in making this logic more rigorous). The magnetic WGC arises from requiring the minimally charged magnetic object not to be a black hole or black brane. It can be phrased as a an upper bound for the UV cutoff of the theory. To be specific, for a (p + 1)-form gauge theory in d dimensions with electrically charged p-branes the magnetic WGC requires
where g e is the coupling constant of the electric theory. For the case of a theory with particles (p = 0) in 4 dimensions this reduces to the well-known statement Λ g e M P .
Most constraints on axion inflation arise from the electric WGC for axions. It relates the axion periods to the size of instantonic terms in the axion potential, thus directly constraining the inflaton potential. In some studies also the magnetic WGC has been invoked to constrain inflation. For example, 5-dimensional models of extranatural inflation are constrained by the magnetic WGC for particles [8] while the magnetic WGC for domain walls is relevant for axion monodromy [19] . However, it is not the WGC for axions which is employed in these cases. In this paper, we want to focus on precisely this possibility, i.e. the role of the magnetic WGC for axions.
A naive approach for arriving at a magnetic WGC for axions is to consider (1) . Note that for the case of an axion (p = −1) the exponent in (1) diverges. In 4 dimensions the electric coupling is given by g e = 1/f where f is the axion decay constant determining the axion period. The r.h. side of (1) involves (M P /f ) raised to a diverging power. Clearly, for f < M P this gives no constraint on the cutoff. By contrast, for f > M P the inequality implies Λ → 0, i.e. the theory simply does not exist. As f > M P is necessary for large-field inflation, this would imply that the magnetic WGC censors large-field axion inflation.
In what follows, we want to go beyond this simple estimate and develop a more rigorous argument based of the magnetic WGC. As the magnetic WGC is concerned with the existence and the properties of magnetically charged objects, we will study these objects in detail. For an electric theory of instantons coupled to an axion, the corresponding magnetic object is a string coupled to a 2-form field. Thus, in this work, we will study (cosmic) string solutions in a theory with f > M P explicitly. We take the following statement as the preliminary definition of the magnetic WGC for axions: For the magnetic WGC to be satisfied we require the minimally charged (cosmic) string to exist as a field-theoretic object. The task is hence to examine whether string solutions for f > M P suffer from any pathologies. Our most promising candidates will be topological inflation and and a composite stringà la [27, 28] .
Summary of results
We begin by analysing the static spacetime solution of the exterior of an axionic string [29] (see [30] [31] [32] for discussions related to such strings from a string theory perspective). There are two problems which put the existence of this object in doubt for f > M P .
• There is a singularity at a finite distance from the string core. This singularity even persists for f < M P , but would then be exponentially far away.
• For f > M P the deficit angle around the string is always negative. This makes it impossible to attach such a spacetime to that of a proper UV-completion of the string core since we expect this to be locally flat at the string's center. In contrast, for f < M P there would have been a finite region with a positive deficit angle as expected in the vicinity of a string.
Hence, the static string solution [29] does not seem to exist for f > M P and thus does not provide us with the magnetic object required for satisfying the WGC.
The problem of the singularity at a finite distance can be resolved by considering a string solution with a dynamical spacetime [33, 34] . Interestingly, this dynamical solution exists for f > M P up to a maximal value f max which lies in the range 6 ≤ f 2 max /M 2 P ≤ 12. However, it remains questionable whether the dynamical solution can be interpreted as a string for f > M P . Instead, for f > M P the Hubble length becomes comparable to the size of the string core leading to an expansion of the defect in all directions. This is known as topological inflation [35, 36] . It then remains to be checked whether this solution can play the role of a bona fide string for an observer outside the inflating core.
However, accepting topological inflation as a UV-completion leads to further puzzles.
Topological inflation can also arise in 1-form theories where the inflating defect is a magnetic monopole. For example, consider the theory giving rise to such monopoles used by Linde in [35] . This is an SU(2) YM-theory which is broken down to U(1) by an adjoint scalar. Let g 1 be the gauge coupling, λ the scalar field self-coupling, and v the symmetry breaking vev. The size of the magnetic monopole is given by the maximum of the two length scales (gv) −1 and ( √ λv) −1 where gv is the gauge boson mass and √ λv is the scalar mass. The corresponding cutoff scale Λ of the monopole is min{gv, √ λv}. Let us try to make Λ as large as possible while keeping the theory under control, i.e. let us make sure that energy densities remain subplanckian. We must therefore ensure that λv 4 ≤ M 4 P . This optimization problem is solved by √ λ = g and v = M P / √ g. The resulting cutoff Λ = √ gM P is subplanckian but exceeds the WGC bound gM P . Since v > M P , the corresponding solution will inflate. If we accept this as the UV-completion of the minimally charged monopole required by the WGC, the argument for the low cutoff, Λ ∼ gM P , is lost. Indeed, the cutoff explicitly found above is higher. One is then left with the unsatisfactory situation that topological inflation ensures that the magnetic WGC remains satisfied in axion theories, while for 1-form theories it would allow for an explicit violation. This can be avoided by slightly strengthening the requirement underlying the magnetic WGC. Note that besides the inflating monopole solution a minimally charged BH-monopole still exists in our setting. If the correct formulation of the magnetic WGC is that no minimal magnetic monopole should be a BH, the above situation remains forbidden. One might then be tempted to conclude that topological inflation resides in the swampland.
Thus, having studied both static and dynamical string solutions, our analysis leaves us with the following results:
• If topologically inflating spacetimes are acceptable as the magnetic objects required by the WGC, then f > M P cannot be ruled out in the present approach.
• By contrast, if topologically inflating spacetimes are not accepted as magnetically charged objects of axion models, we have good reason to believe that f > M P is forbidden. Such a viewpoint can be argued from the fact that the relevant solutions are non-static or from the presence of a horizon. The conclusion concerning large f would then be as negative as in the naive approach mentioned in the beginning.
Last, we turn to axion theories with f eff > M P which admit a UV completion in terms of a theory of two axions with f 1,2 < M P [37] [38] [39] . As suggested in [12] using a stringy example, a particularly promising way to realize the required winding trajectory is through 3-form gauging [40] (for applications of this approach in the context of axion monodromy inflation see [41, 42] ). 1 As f 1,2 < M P , the corresponding magnetic objects exist and avoid the problems mentioned above. Following [27, 28] , one can then identify a string solution as bound state of the strings of the original two axions connected by domain walls. This object is then checked explicitly for possible pathologies.
One observation is that the tension of this effective string becomes superplanckian if f > M P . The tension can be estimated as T eff ∼ f 2 eff and hence one leaves the regime of weak gravity back-reaction once f eff is sufficiently large. A modestly super-Planckian f eff may be possible, but this will depend on the precise numerical factors. Our finding is consistent with the previous results for explicit string solutions. Static string solutions for parametrically large f do not seem to exist. Dynamical solutions are possible, but we have to leave their detailed study in this particular case to future work. While they may be similar to topological inflation, they could equally produce a singularity or exhibit a completely different, unexpected behaviour.
Very recently the paper [43] appeared which has some overlap with and is in part complementary to the present work.
Naive estimates
The magnetic WGC follows from the requirement that the minimally charged magnetic object of a U(1) gauge theory is not a black hole. The mass M of a monopole in 4 dimensions can be estimated by its field energy, leading to M ∼ g 2 m Λ, where g m denotes the magnetic coupling constant and Λ is a cutoff that determines the radius of the core. The electric coupling constant is related to g m by g e ∼ g −1 m . If the core radius is larger than the Schwarzschild radius, the monopole is not a black hole. The corresponding formula is
This easily generalizes to an 'electric' (p+1)-form gauge theory with 'magnetic' (d−p−4)-branes in d dimensions. The electric coupling constant g e of this system has mass dimension p+2−d/2 and the magnetic coupling is g m ∼ g −1 e . The field energy of the magnetic (d−p−4)-brane is proportional to g 2 m and therefore, analogously to the monopole case, we can estimate the tension by
using dimensional analysis. On the other hand, the tension of a black brane is proportional to the inverse coupling constant κ
of gravity. Hence
where R S is the Schwarzschild radius. According to the magnetic WGC we need to impose We find it particularly intuitive to rewrite this in terms of the 'characteristic energy scale' or 'strong coupling scale' Λ e of the electric gauge theory, defined by g 2 e = Λ
. One finds
If 2(p + 2) − d < 0, the gauge theory is IR-free and Λ e is its intrinsic UV cutoff. For small enough coupling, the energy scale Λ e exceeds M P and naively M P would now be the cutoff of the theory. However, if p + 1 > 0, the magnetic WGC (5) predicts a cutoff that is smaller than the Planck mass. This situation is sketched in Fig. 1 . The condition p + 1 > 0 can be rewritten as d co > 2, where d co ≡ p + 3 is the co-dimension of the magnetic brane.
If d co = 2 the picture in Fig. 1 applies but in an extreme case: The exponent in (5) diverges and, in the weakly coupled case Λ e > M P , the cutoff Λ vanishes. Such a situation might be interpreted by saying that the theory does not exist, in other words, the weakly coupled case is forbidden. This occurs for example for the string (p = 1) in 4 dimensions where the magnetic coupling constant is given by the axion decay constant f = g m . Weak coupling corresponds to f > M P in this case, which should hence be impossible to realize. In the following we want to check this statement by trying to explicitly construct a string with
Before doing so, let us perform a very rough calculation in order to gain some intuition for what one can expect from a more detailed analysis. The field energy density of the string is ρ ∼ f 2 /r 2 . This gives
where we had to introduce two cutoff scales Λ UV and Λ IR in order to render the contribution to the string tension finite. Let us now discuss the inclusion of gravity. The static vacuum solution of Einstein's equations with cylindrical symmetry has a deficit angle ∆φ in the plane perpendicular to the symmetry axis, i.e. it describes a cone:
This is the exterior spacetime of a string without charge [44] and
For T M 2 P , i.e. ∆φ 2π, this spacetime breaks down (see [45] [46] [47] and in particular [48] for a good review). Therefore, since (6) indicates that T f 2 , one can expect that corresponding axionic string spacetimes do not exist.
In fact, one can say more: Imagine that the field of the charged string is switched off at a distance R from the string. The corresponding total tension of this configuration is estimated by (6), where the upper integration limit is now given by R. At distances r > R the vacuum solution (7) describes this spacetime, with deficit angle given by (8) . Now, repeating this argument for another radius R > R one immediately sees that the corresponding deficit angle is larger than that for R. We therefore see that the deficit angle of the spacetime of a charged string is not constant but grows with the distance to the string. Thus, one expects a spacetime which is locally conical buy eventually breaks down when ∆φ > 2π. Due to the logarithmic behavior, this breakdown happens at exponentially large distance for f M P .
By contrast, it occurs instantaneously if f M p .
Singular string spacetimes
The first exact solution of the Einstein equations for the exterior of an axionic string were given by Cohen and Kaplan (CK) [29] :
Here γ is an integration constant with the dimensions of length, u 0 is related to the axion decay constant 2 by u 0 ≡ 2M 2 P /f 2 , and 0 ≤ θ < 2π. In these coordinates u = ∞ corresponds to the singular center of the string. At u = 0, which corresponds to a cylindrical surface concentric with the string, one encounters another singularity. Both singularities are physical, as testified
The angle φ defined in (12) is shown as a function of the coordinate u for f ≈ 0.71M P (u 0 ≈ 4) and f ≈ 1.56M P (u 0 ≈ 0.83). The shaded green area indicates the coordinate and angle range where one can visualize the space locally as conical, with a positive deficit angle (for f ≈ 0.71M P ). u = 0 corresponds to the outer singularity while the string center sits at u = ∞. The right intersection point of the blue and black dashed line at u = u + is roughly the core radius. For f ≈ 1.56M P the angle is always larger than 2π.
by the Kretschmann scalar
which diverges at these points. The proper distance between the outer singularity and the center is finite and reads
For small f this distance is exponentially large and might not be physically relevant, e.g. in a cosmological setting. However, for f M P one expects problems and we will discuss this momentarily.
In order to gain some intuition for the CK spacetime we note that the region between u + du and u at t, z = const. describes an annulus. Its geometry approximates a piece of a cone and we find it convenient to denote the angle of the lateral surface 3 of this cone by 3 By this we mean the central angle of the corresponding circular segment.
φ(u). In other words, 2π − φ(u) is its deficit angle. A more formal definition is as follows:
Consider a closed curve defined by t, z, u = const. and parametrized by the coordinate θ. We can determine the tangent vector v to this curve at θ = 0 and parallel transport it along the curve until we reach θ = 2π, which is of course our starting point. Then calculate the angle between the parallel transported tangent vector v and v. This angle is φ(u). It turns out that φ = dC/dr, where C is the proper circumference and r the proper radial distance. For the CK spacetime we find
For f < √ 2M P there is an interval of u where φ(u) is increasing with u and smaller than 2π. Recall that increasing u corresponds to decreasing distance to the string center (see Fig. 2 ). This is exactly the behavior we naively argued for at the end of Section 2. However, the angle is not bounded from above and there exist regions where it exceeds the critical value 2π. To be specific, we find φ > 2π for u < u − and u > u + where
For u 0 1 one obtains u + ≈ u 0 and u − ≈ 1/4. We also see that for u 0 < 1 (which corresponds to f > √ 2M P ) the expressions u ± become complex and the angle is strictly greater than 2π throughout the spacetime. We will come back to this point when assessing the existence of the CK solution. In any case, the minimum angle is reached at u = √ u 0 /2 and is given by φ min = 2π/ √ u 0 . This is illustrated in Fig. 2 .
We are now in a position to address the question under which circumstances the CK solution can be trusted and corresponds to a physically acceptable geometry. For example, we should discard solutions where curvature invariants are superplanckian everywhere.
Thus a necessary condition for an acceptable solution is that there exist regions where the Kretschmann scalar K is subplanckian. 4 The minimal requirement for this to be possible is that K is subplanckian at its minimum. This minimum lies at u ≈ √ u 0 /2 and we arrive at the constraint
For f M P the right-hand-side of this inequality is exponentially suppressed and hence a wide range of γ gives rise to a weakly curved spacetime. However, also for f M P the choice of a sufficiently large γ will ensure the existence of a weakly curved region of the CK spacetime.
Eq. (14) also ensures that the radial size (11) of the spacetime obeys r max M −1 P . From the explicit form (10) of K we see that we can make the region of small curvature between the inner and outer singularity always as large as desired by choosing γ large enough. Pictorially, 4 Here we use the Kretschmann scalar instead of the scalar curvature R since K > R 2 for all u. In particular, R does not have a singularity at u = 0 while K does.
by increasing γ we 'stretch' the spacetime in the radial direction and thereby flatten its geometry.
Another criterion for deciding which solutions to trust employs the angle φ. Although we are primarily interested in f M P let us examine for completeness first f ≤ √ 2M P , i.e. u 0 ≥ 1. For an uncharged string we saw in Section 2 that the deficit angle is growing with the tension, i.e. the corresponding angle φ decreases. By this we argued that the angle of the spacetime of a global string should decrease with the distance to the string center, which turned out to be correct at least far away from the outer singularity. This motivates us to conjecture that this behavior persists in every UV-completion of the core. Additionally, in order to avoid a conical singularity at the string center we expect every UV-completion to satisfy φ(∞) = 2π. Combining this with our conjecture we can conclude that the angle of any UV-completion does not exceed 2π.
Such a UV-completion must somehow be matched onto the exterior CK spacetime at the core radius. Our upper bound on the angle in the core implies a lower bound for the core radius: u core ≤ u + . Recall that u + corresponds to the point where the angle would exceed 2π
when approaching the string core, as indicated by the dashed line in Figure 2 . For f ≤ √ 2M P we find u + ∼ u 0 and hence u core u 0 . Expressing this in the radial proper distance one finds r core γ. The core radius can only take this minimal value if the Kretschmann scalar at u ∼ u 0 is subplanckian, which yields a lower bound on γ: γ f /M 2 P . 5 Altogether, there is no fundamental obstacle to the existence of a UV-completion of the string core for f ≤ √ 2M P .
The situation is completely different for f > √ 2M P , i.e. u 0 < 1. In this case we have φ > 2π for all u. It is then not clear at all how the CK solution could be matched with a UV-completion of the core. A possible conclusion is that a UV-completion does not exist and hence the whole solution should be discarded. Recall that our main motivation is to gain a better understanding of the magnetic WGC for axions where the magnetically charged objects are given by strings. Our analysis in this section can thus be summarized as follows. For f > √ 2M P the CK string does not give rise to a trustworthy solution which could correspond to the magnetic object in the WGC for axions. This implies that either there are no string solutions for f > √ 2M P , or string solutions exist but are not of CK type. We will explore the latter possibility in the next section. Note, however, that this conclusion crucially depends on the validity of our conjectured condition on the angle of UV-completions. This may well be too strong a requirement and if not true, CK solutions with f > √ 2M P might after all exist.
For example, one may think of a higher dimensional UV-completion, where the requirement φ(∞) = 2π makes no sense.
Independently of this, even for f ≤ √ 2M P , one cannot accept this spacetime as physical due to the naked singularity in the exterior. It may however describe part of a cosmological spacetime or of a large string loop.
Non-singular string spacetimes
It turns out that it is possible to find a string spacetime which is not plagued by any physical singularity. Indeed, this can be done by allowing for a time-dependent metric and was first investigated by Gregory [33] . This analysis uses a UV-completion of the axion model that is
given by a complex scalar field Φ the phase of which plays the role of the axion:
The vacuum manifold is S 1 and gives rise to the string solutions we are interested in. Note that, although the metric depends on time, the field configuration is chosen to be static in Gregory's calculation, i.e. the string has a constant width.
Let us describe the properties of this solution in more detail. Firstly, Gregory is able to
show that the metric takes the form
where b 0 > 0 is a constant, and which in fact exhibits no singularities. We see that the spacetime of the string expands along the direction of the string while radial and angular metric components have no time-dependence. Furthermore, Gregory proves that this spacetime has a cosmological event horizon at finite proper distance from the string. This horizon encompasses the string and allows light to exit this interior space while it is not possible for physical objects to enter it from the exterior.
This event horizon moves inwards as f increases. Therefore, the question arises what happens if the horizon enters the string core. Using analytic arguments, Gregory and Santos [34] show that the string solution ceases to exist for f > f max with 6 ≤ f 2 max /M 2 P ≤ 12. We see two possible solutions that are left in the regime of parametrically large f : First, Φ = 0 together with a de Sitter metric is a classical solution. We discard it because of its instability.
But second, and this will be the focus of the rest of this section, there is topological inflation. 7 Topological inflation has been invented independently by Linde and Vilenkin [35, 36] and occurs for topological defects whose width is comparable to the Hubble radius defined by the energy density in their core. Since the fields within the defects are at positive potential one expects the spacetime to be similar to de Sitter there. Hence, the defect expands exponentially in all directions.
Let us apply the above mentioned condition for topological inflation to the string. In order to do this assume that the UV-completion of the axion is given by the potential (15).
The axion is given by ϕ ≡ arg(Φ) and the cutoff of the model is set by the mass of the radial 6 In contrast to Gregory, we have canonically normalized the complex phase of Φ. 7 Alexander Westphal informed us that, during one of his talks about [19] , Andrei Linde also brought up the issue of using topological inflation in the context of the WGC for domain walls and axions. scalar |Φ|:
By balancing the gradient and potential energy density in the string core,
the radius of the core is seen to be
This also fixes the tension by integrating either gradient or potential energy density over the transverse section of the core:
In fact, we see that the last result does not depend on the precise UV-completion since it can be derived more generally: Simply assume that, to realize a UV-completion, the S 1 field space parametrized by ϕ is embedded in a flat field space (in our case the R 2 parametrized by Φ) with canonical euclidean metric. It is then clear that the field must cross a distance ∼ f in the string core of size ∼ R. This implies a gradient energy density ∼ (f /R) 2 and hence T ∼ f 2 , without any reference to the scalar potential and λ.
Using this we can also state the condition for topological inflation to occur independently of the concrete potential. Let V 0 be the potential energy within the string which would be implies f M P which perfectly agrees with Gregory's result. Note, however, that our estimate has been derived without specifying the potential of the complex scalar explicitly.
Only the embedding of the vacuum manifold S 1 into the field space R 2 of the UV-completion was assumed.
In [49] the model of Gregory was analyzed numerically for a general time-dependent metric and also allowing for time-dependent field configurations. It was found that a topological inflation scenario shows up for f 0.23 · √ 2 · √ 8πM P ≈ 1.63M P . The spacetime structure of the analogue situation for a global monopole has been analyzed in [50] . 8 We expect this analysis to reflect at least the qualitative features of the string case. The main result is the presence of a horizon encompassing the monopole core that is analogous to the horizon inflating region in Gregory's string spacetime, i.e. it is not possible to cross the horizon from the exterior while the opposite direction poses no problems. This horizon is the spacelike boundary of the inner inflating region. In fact, any observer that sits within this boundary will be expelled out of this region at some time as the monopole scalar field rolls down its potential and eventually oscillates about its minimum. These outer regions with the oscillating scalar field correspond to a matter dominated spacetime. During the evolution of the monopole the spacetime develops an inflating 'balloon' which is connected by a throat to the exterior spacetime (cf. Fig. 3 ). For an observer it is possible to enter the throat as it contains not only the inflating region but also a matter dominated part.
Let us summarize what we have found so far. For f M P there exist non-singular string spacetimes the metric of which is time-dependent while the field configuration is static. Such solutions are not available for f M P . Instead, topological inflation becomes a possible scenario. However, the field providing the UV-completion of the axion then becomes timedependent.
Naively, one might want the magnetically charged object, i.e. the string, to be static, at least in the sense that the field profile is static. According to this the spacetime found by
Gregory is a well behaved UV-completion of the string for f M P . Whether topological inflation is a viable UV-completion of the string is an interesting open question. In any case, from the spacetime structure point of view it seems to be perfectly well behaved and is hence a UV-completion of a string with f M P . Note however, that in both topological inflation and Gregory's solution a horizon is present which encompasses the string core and, contrary to the black hole horizon, shields the core from the exterior.
Magnetic string in an effective theory with f > M P
In the following we present another candidate UV-completion for a magnetic string with f > M P . To be specific, the theory of an axion with f > M P will be understood as an effective theory, which can be obtained from a more fundamental theory of two (or more) axions with subplanckian decay constants. Following [27, 28] , we then proceed to construct an effective string with f > M P out of the strings present in the more fundamental theory and examine it for potential pathologies.
Constructing the effective string with f > M P
We begin by recalling the UV completion of the last section:
Now consider the sum of two such Lagrangians, where we expand around the vacuum
The axionic part can be written as:
For simplicity, we will take f 1 = f 2 = f from now on. Famously, even if f M P , an effective axion with large decay constant can be obtained [37] . The main idea behind [37] is to design a potential on the T 2 -field space parametrized by {ϕ 1 , ϕ 2 } which forces the field onto a winding trajectory, e.g.
with N 1 (cf. [38] and Fig. 4 ). The desired potential can be viewed as arising from an appropriate combination of instantonic terms.
As suggested in [12] , a winding trajectory can alternatively be realized by an appropriate flux choice. This corresponds to making the orthogonal combination of axions massive by gaugingà la Dvali [40] (see also [41, 42] ). This method can be viewed as a way of avoiding the 0-form WGC in the low-energy effective theory, as discussed more explicitly in [28] in the 1-form context. As we will now see in detail, the flux of winding inflation [12] is indeed the axion analogue of the effective field theory approach of [28] for avoiding the magnetic WGC for vectors. However, we will also see that its success is more ambiguous than in the vector case.
Recall first the more familiar case of gauging of a shift-symmetric scalar by a 1-form 9
9 In fact, this has also been used inflationary model building in [51] Equivalently, with F 1 = dϕ, this reads
By analogy, we can write down the lagrangian of a 3-form/(−1)-form theory as
where F 0 is a dimensionless field strength, quantized in units of 2π. The coupling constant g has mass dimension (−2). Then, in analogy to (25), we gauge this theory according to
In other words, we simply add our 0-form potential to the field strength in the kinetic term of the ungauged model. This is just a simplified version of the idea in [40] , which in the context of inflation is also known as the 'Kaloper-Sorbo' approach to axion monodromies [41, 42] .
Indeed, we simply skipped the detour via the 2-form theory dual to the axion.
In our context, it is interesting to gauge the combination ϕ 1 − N ϕ 2 , i.e. we consider the model defined by
In addition, we include the various charged objects (two types of strings and one type of do-2π 0 main wall) and, if desired, the UV-completion of the axions discussed above. For definiteness, we focus on the background with F 0 = 0. Clearly, the field space of the effective axion is the submanifold of T 2 specified by the equation ϕ 2 = ϕ 1 /N (cf. Fig. 4 ).
Let us make a brief detour to explain what happens at the conceptual level: Originally,
we have a field space parameterized as {ϕ 1 , ϕ 2 }, with the discrete symmetry group Z 2 (shifts by 2π {m, n}) being gauged. The F 0 theory is unrelated. Then, we associate with any of the Z 2 shifts a particular transformation of F 0 , in our case
One could say that we picked a group homomorphism from Z 2 to the proposed Z symmetry of To continue, let us introduce the alternative field basis
such that
We identify ψ as the effective low-energy axion which is a periodic field with decay constant f √ N 2 + 1. By contrast, χ is massive and, in addition, closed loops in the field space of χ are only possible at the expense of passing a domain wall of the F 0 theory.
Let us make this last point about domain walls more explicit. For this purpose recall that a string is present whenever the axion follows a closed loop in its field space. Since we have two axions here, ϕ 1 and ϕ 2 , we also have two different species of strings, called string type 1 and 2 from now on. For example, integrating the field strength dϕ 1 along a closed path in space which encompasses a string we must have
If this loop does not contain an additional string of type 2 the corresponding integral of ϕ 2
vanishes. Therefore, we have the general relation
where N i denotes the effective number of strings of type i that lie within the closed integration path. Similarly, a domain wall is defined by the set of points in spacetime at which the value of F 0 jumps by an amount that is determined by the unit of quantization of F 0 , in our case 2π. Combining these facts with the gauging procedure described above we find a relation between strings and domain walls, which we will describe below.
Consider a single string of type 1 embedded in a background of constant F 0 . Going once around this string in space corresponds to starting with a value ϕ 1 = 0 at some point P and finally reaching ϕ 1 = 2π when closing the path in space at P again. Since there is no string of type 2 present, ϕ 2 takes on the same value when we return to P . Continuity demands this to be the same field configuration up to gauge equivalence. In order to identify the final configuration (ϕ 1 = 2π) with the initial one (ϕ 1 = 0) we can perform a gauge transformation
However, according to (29) , this necessarily implies a shift F 0 → F 0 + 2π which is not the same field configuration we had in the beginning. To make this consistent there has to exist a domain wall attached to the type 1 string such that F 0 → F 0 − 2π when one crosses this wall while circumnavigating the string (cf. Fig. 5 ). Then the above gauge transformation gives us back the initial field configuration. We can repeat the argument for a string of type 2. The result is that a type 2 string must be attached to N domain walls as indicated in Fig. 6 . This follows straightforwardly from the gauge transformation of F 0 (29). 10 We are now in a position to build an effective string out of strings of type 1 and 2 connected by domain walls. This construction is parallel to the procedures in [27, 28] . In particular, take one string of type 2 and attach one string type 1 to each free end of the N domain walls that come with the string type 2 (cf. Fig. 7 ). We observe that the orientation of the domain walls automatically fits the shifts in F 0 as discussed for the two types of strings separately.
The resulting object is a string that is uncharged under the massive field χ in the sense that χ → χ when going once around it. Similarly we have ψ → ψ + 2π(N 2 + 1). Hence, the effective string just constructed is the string corresponding to the axion ψ of the low energy theory with decay constant f eff = f √ N 2 + 1. The massive axion χ is not visible outside this effective string, i.e. at low energies.
10 A similar situation with strings ending on monopoles occurs in models of semilocal strings [52] .
2π 0
Figure 6: The string type 2 is shown with N domain walls attached to it. The jumps of F 0 across the walls are indicated.
The important point for us is that this object corresponds to a microscopic construction of a string for f > M P . In the following we wish to examine whether this effective string can exist as a field-theoretical object. For example, we will only trust this object without gravitational backreaction if the effective string tension is subplanckian, i.e. T eff M 2 P . At the same time, we have seen in the previous sections that string solutions with f > M P can at most exist as dynamical solutions giving rise to topological inflation. Hence, we also wish to determine to what extent our effective string is consistent with these previous findings.
Estimating the string tension
Let us therefore estimate the tension of the effective string. All in all, there are three contributions to this:
• The tension of the individual elementary strings contained in the effective string.
• The tension generated by the mutual interaction of the elementary strings.
• The tension due to the domain walls.
Elementary strings have tensions f 2 which sum up to a total of (N + 1)f 2 ∼ f 2 eff /N . This can be kept subplanckian by choosing N large enough (for fixed f eff ) and hence poses no problem for us.
Next consider the mutual interaction of the elementary strings. This contribution is very complicated to determine as it depends on the detailed configuration of the N + 1 elementary strings connected by N domain walls. However, one can make the following approximation: 2π 0
The unique combination of the building blocks given by string type 1 and 2 gives rise to an urchin-like structure shown in this figure consisting of one central string of type 2 connected to N strings of type 1 by N domain walls. The orientation of the axions and the jumps of F 0 are shown.
Let R denote the radius of the effective string. The average density of strings in the cross section of the effective string is given by ∼ N/R 2 . This corresponds to an average distance ∼ R/ √ N between single strings. For large N this is certainly much smaller than the size R of the effective string and it is reasonable to describe the elementary string distribution in terms of a continuous charge density , i.e. the charge per cross section area. In addition, one certainly expects the N strings of type 1 to arrange themselves approximately symmetrically around the single string of type 2. Hence, in the continuum limit, we argue that the charge density depends only on the distance r from the center of the effective string and we can write = (r). This density is of course normalized by the charge of the effective string, i.e. 
Define
to be the string charge contained in a cylinder of radius r centered on the inner type 2 string.
The norm of the field strength of such a charge distribution at radius r is given by Q(r)/r, while the surrounding charge does not generate a contribution to the field, which is completely analogous to classical Electrodynamics. Exterior to our effective string, i.e. for r > R, we have of course Q(r) = N + 1. The correct r-dependence of might be calculated by balancing the forces on a elementary string at distance r from the center due to the attached domain wall and the field of all string charge contained in the cylinder of radius r. The repulsive force per length between two strings having positive charges n 1 and n 2 respectively is given by 2πn 1 n 2 f 2 /r with r being the distance between them. The attractive fore per length between a string type 1 and the central string type 2 due to the connecting domain wall is given by the tension W of the domain wall. With this information we can write down the balance equation for the forces,
which results in Q(r) ∼ (W )r/f 2 . The normalization Q(R) = N + 1 determines the string radius R as
Now we can calculate the effective tension due to the mutual interaction of the elementary strings. It is given by integrating the energy density over the cross section of the effective string, i.e.
This shows that the effective tension generically becomes superplanckian if f eff is chosen superplanckian.
Finally, we determine the contribution of the tension of the domain walls. The tension due to one domain wall is ∼ RW . Collecting the contribution of each wall in the effective string gives a tension ∼ N RW .
In addition to this inherent domain wall tension, there is another contribution due to the excitation of the massive field when crossing a domain wall. From (32) we see that χ = −F 0 in the vacuum. Since a domain wall is accompanied by a jump in F 0 , it is not possible for χ to stay at the potential minimum and it is hence excited when crossing a domain wall.
This is an additional contribution to the tension of the domain wall and can be estimated as follows. Consider a domain wall at a point far away from any strings that may be attached to it. Then, the translational symmetry tangent to the wall implies that the massive field depends only on the direction orthogonal to the wall, the coordinate of which may be chosen to be x. Let the background field be F 0 = F − for x < 0 and F 0 = F + for x > 0 and define 
where α = √ N 2 + 1/(gf ). The typical width of this field profile is given by α −1 . The field profile is expected to be modified if one approaches the string at the end of the wall to a distance of less than α −1 . This should be irrelevant to our calculation if the typical wall length R obeys R α −1 . Since the deviation from the background F 0 is always O(1) the potential energy density of the above field configuration is ∼ g −2 . Integrating this over the field profile with typical width α −1 yields a contribution W χ ∼ f /(gN ) to the tension of the domain wall. Thus, the overall contribution to the tension of the effective string reads
Using the expression (38) 11 for the radius R we find ∼ f 2 eff for the total domain wall contribution to the string tension, which is the same as for the contribution from the mutual string interaction.
We are therefore forced to conclude that the existence of strings with superplanckian charge and subplanckian tension is very questionable. Even if we had found that it is possible, we were faced with the problem of the badly behaving spacetime of such a string when including gravity. This was extensively discussed in the previous two sections. There we presented the work of Gregory who argued that abandoning the requirement of a static metric allows for a topological inflation scenario for strings with superplanckian charge. Hence, Saraswat's method for constructing effective charged objects allowed us to find a possible UV-completion of topological inflation in terms of a composite string with superplanckian charge.
A comment on the field range of pseudo-axions
While this paper mostly discusses the field range of axions, our interest is of course more generally in all scalar fields with potentially large field displacement, including non-periodic ones. We want to discuss a potential loophole arising in this context [53] and how it may be closed due to a stringy back-reaction effect.
Indeed, consider the schematic 10d type-IIA or IIB string-frame action (with l s = 1)
with R the Ricci scalar, g s = exp(φ) the string coupling, and g the determinant of the metric or induced metric. We ignore all factors of 2π etc. since they are not essential to make our 11 Note that now we have to use the full domain wall tension given by W + Wχ in this formula.
point.
Considering specifically type-IIA theory with D8-branes and compactifying to 5d on a T 5 with radius ∼ 1 we find
Here we assumed that the D8 wraps the compact torus. Now, compactifying further on an
where ϕ ∈ [0, 2π) is the scalar characterizing the brane-position within the S 1 . First, we immediately see that
can apparently easily be made parametrically large. However, ϕ is not a proper axion. Indeed, to ensure tadpole cancellation one has to replace S 1 by S 1 /Z 2 , with O8-planes at both ends of the interval and a total of 16 D8 branes (i.e. there are actually 16 scalars of the type of ϕ).
The field space of ϕ is now the orbifold S 1 /Z 2 (hence 'pseudo-axion'), but its size is still ∼ f and potentially large in 4d Planck units.
Such effectively one-dimensional compact spaces are of course a well-known exception to the no-go theorem of [54] (which says that the field-space of transverse brane-motion is, in general, subplanckian). Indeed, a model of potentially transplanckian brane inflation making use of this possibility was suggested in [53] 12 . Establishing such a model is associated with all the usual complications, like creating a non-zero potential and moduli stabilization. Here, we are not interested in this. For us, just having the underlying SUSY-Minkowski model with a large field range would be interesting. Now, unfortunately, in our D8-brane toy model this possibility is censored in a very simple manner which, one might suspect, will carry over to any related effectively one-dimensional compact geometry. Indeed, the branes are effective domain walls and their field strength is a top-form-flux. The field strength does not decay with growing distance from the brane, leading to strong back-reaction. As worked out in detail e.g. in [55, 56] , the metric becomes singular if one of the 8 D8-branes which have to sit on each O8-plane is moved away too far.
12 It actually uses type-IIB on K3×(T 2 /Z2) with D7 and D3 branes, considering a limit where the pillowshaped space T 2 /Z2 is extremely prolonged. This is clearly related by T -duality to our toy-model if one were to replace the K3 by a T 4 .
Specifically, metric coefficients and dilaton profile behave as powers of
such that the field range of ϕ is limited by
Here x is the coordinate of the orbifold S 1 /Z 2 . This bound is of course only relevant if 1/(g s R) < 1. With this, the canonical field range limit due to back reaction, in Planck units,
To summarize, our interval limited by two O8-planes can in principle be made large as long as the branes cancel the tadpole locally. The naive field range due to brane motion on this interval is ∼ √ g s R and can also become large. Displacing the branes from the Oplane corresponds to a perfectly flat 4d directions due to unbroken N = 4 supersymmetry.
However, once one actually starts moving one of the branes off an O-plane and along the interval, the geometry breaks down long before one reaches the O-plane at the opposite end.
Indeed, according to (48) this breakdown happens at the field displacement 1/ √ g s R. But this number is small since, according to (45), we need √ g s R to be large to have any hope for transplanckian field ranges to begin with. The optimum is achieved by choosing (g s R) ∼ 1, which allows for Planck-scale field displacement, but not more than that.
Because of the high amount of supersymmetry there is no potential barrier and we expect that the breakdown at ϕ ∼ ϕ max must be due to an exponential decrease of the cutoff-scale. This is expected in the context of the swampland conjecture [3] (see also [57] ) and has recently been further discussed in [58] . It may be worthwhile understanding this connection in more detail. We find the apparent possibility of a transplanckian field range and the way in which it finally fails interesting for the following reason: One might have thought that, for a pseudoaxion the whole logic of the WGC is irrelevant and the field range can become large. This appears to be borne out by branes on S 1 /Z 2 as explained, but fails due to a relatively subtle stringy reason. Thus, there may be something deeper and more mysterious than either the WGC or the decompactification logic emphasized in [3] which is really behind the problems with large field ranges and large-field inflation.
Conclusions
The two standard arguments against superplanckian axion decay constants, f M P , are the loss of control over instantonic corrections (the electric WGC) and problems with stringy realizations. In this paper, we have tried to argue for the same conclusion using the magnetic WGC, i.e. the requirement that a dual charged object (a string) exists in the effective theory.
First, we wrote down the general formula for the cutoff resulting from the magnetic WGC and attempted an extrapolation to the naively singular case of axions. This suggests that f M P should be forbidden.
Second, we examined explicit string solutions with f M P , looking for possible inconsistencies. Static solutions of this type (the Cohen-Kaplan spacetime of an axionic charged string) are singular in both the UV and the IR. Accepting the IR problems as a special feature of infinitely extended strings in general relativity, the crucial question is whether the UV problems can be cured by an appropriate UV-completion. We argued that smooth, 4d
UV-completions can not lead to negative deficit angles and showed that this excludes static string spacetimes with f M P . Superplanckian axion decay constants would then be ruled out.
We then relaxed the requirement of time-independence in two steps. First, one can allow for a time-dependent metric while the field configuration should still be static, i.e. the string width is fixed. Such solutions, found by Gregory, can be singularity-free in the IR and have a smooth UV-completion. They possess a horizon encompassing the string core. However, they exist only for f M P .
Next, we considered admitting general time-dependent field configurations. In this case, the set-up of topological inflation provides a UV-completion of the string, even for f M P .
In fact, topological inflation requires superplanckian f . We argued that the corresponding spacetime has a horizon, similar to that of Gegory's spacetime for f M P . There are two reasons why one might want to reject topological inflation as a string solution in the sense of the magnetic WGC: One is the time-dependence which one could consider unnatural for an object that is supposed to be the analogue of a magnetic monopole. The second is the presence of a horizon (although the latter is very different from the black hole horizon potentially hiding a magnetic monopole). However, consistency would then force us to reject Gregory's solution for f M P as well, such that no string solution is acceptable at all. In other words: If we demand that string solutions with f M P exist, we cannot use the horizon as an argument against topological inflation. The interpretation of these observations remains open.
Finally, we tried to apply Saraswat's recent observation [28] that certain low-energy effective theories can avoid the collapse of the minimally charged monopole to a black hole, even though they violate the WGC. We considered theories with two subplanckian axions and two types of strings. At low energies such models can have one effective superplanckian axion coupled to one effective string. However, in contrast to the gauge-theory case, the tension of this string remains superplanckian. Although we do not provide an exact solution of this system including gravity, the previously discussed properties of string spacetimes suggest very strongly that time dependence will be an unavoidable feature. But it may be, that this timedependence is restricted to the metric while corresponding field configurations remain static, as is the case in Gregory's solution. It would be important to understand this in detail.
The decisive question whether the magnetic WGC rules out superplanckian f depends on the precise definition of what a minimally charged object is allowed to be. In this context, it may be crucial to understand the gravitational dynamics of the composite effective string introduced above.
